This paper investigates the geometric properties of a special case of the two-sided system given by 2 × 2 tropical commuting constraints. Given a finite matrix A ∈ R 2×2 , the paper studies the extreme vertices of the tropical polyhedral cone of the entires of matrices B such that A ⊗ B = B ⊗ A and proposes a criterion to test whether two 2 × 2 matrices commute in max linear algebra.
Introduction
In the max-linear system, we define the tropical semiring (R, ⊕, ⊗) byR := R ∪ {−∞}, a ⊕ b := max(a, b), a ⊗ b := a + b. We define the additive identity 0 := −∞. The analogue of classical linear algebra in tropical setting is readily extended using the max-plus operations. That is, given matrices A = (a ij ), B = (b ij ) ∈R n×n , i, j ∈ {1, 2, ..., n}, we have (A ⊗ B) ij = k (A ik ⊗ B kj ) = max k (A ik + B kj ). Tropical linear algebra has been studied for a wide range of applications in various fields, such as scheduling problems [1] , discrete event systems [2] , control theory [3] , statistical inference [4] and pairwise ranking [5] . Researchers have been investigating the properties of tropical commuting matrices from different approaches. Algebraically, it has been shown that any two commuting matrices have a common eigenvector [1, 6] . Earlier work has also unfolded some of the tropical analogues of the classical commuting matrices, including the Frobenius normal forms [7] , rank functions and subgroups [8] . However, the question of when two matrices commute remains a mystery. No general algebraic or geometric characterisation of the two matrices has been discovered or proven. Investigations in special subsets of commuting matrices can be found in literature. [9] manifests that the space spanned by all matrices commuting with a given normal matrix A is a finite union of alcoved polytopes [10] and [11] shows that for two Kleene Stars [1] A and B, if A ⊕ B is also a Kleene star, then A, B commute.
To unravel the simplest situation where we are given a matrix A := (a i,j ) ∈ R 2×2 , i, j ∈ {1, 2} with finite entries (a ij > 0), we take the hints from the geometry of the tropical polyhedral cone [12, 13, 14, 15, 16, 17] to investigate the space spanned by all matrices B commuting with A. In other words, we construct a tropical two sided system [12] 
The extreme solutions of this two sided system will give a conical representation of x. For details in obtaining x, we refer the readers to the the tropical double description method [13, 15] and the solution to minimally active or essential types [18] . Theorem 1.1 gives the criteria to check whether a matrix B ∈R 2×2 commutes with A. (1) . Especially, the extremals of such a cone take the form (2) . In section 2 we will review the definition of tropical polyhedral cone, as well as the properties of the scaled generators essential to the proof of Theorem 1.1. In section 3 we present a proof of Theorem 1.1 by checking the extremality and the independence of the set of βs in (2) . In addition, we present the analogy when some of the entries in A is negative infinity. Lastly, we study one approach to visualise the polyhedral cone generated by the extreme points in (2) using the Barycentric coordinates in section 4.
Background in Tropical Polyhedral Cones
We denote the set of real numbers by R and defineR := R ∪ {−∞}. The tropical algebra, typically the max-linear algebra defines a tropical semiring (R, ⊕, ⊗) by a ⊕ b := max(a, b), a ⊗ b := a + b. For any given a ∈ R, we have that a ⊕ −∞ = a and define the additive identity 0 := −∞. The matrix addition and matrix multiplication are similar to classical ones. Given matrices A = (a ij ),
The identity matrix I is hence I = (w ij ) such that w ij = 0 if i = j and w ij = 0 otherwise. Let S be a set of vectors in spaceR d . A tropical linear halfspace is the set of vectors x satisfying c
A tropical polyhedral cone is the intersection of a set of tropical halfspaces [12] , in other words, the set of vectors x satisfying C ⊗ x ≤ D ⊗ x where C, D ∈R n×d . For two matrices
If A and B commute, we obtain a set of equalities
which can be expressed as the two sided system
gives a special type of tropical polyhedral cone -it is the intersection of two polyhedral cones
. Let K be a tropical polyhedral cone and S be a set of vectors inR d . The support of a vector v ∈R d is the set of indices j such that v j is finite, written as supp(v) = {j ∈ {1, ..., n} : v j ≥ 0}.
The set S is tropically convex if S contains the point λ 1 ⊗ x ⊕ λ 2 ⊗ y for all x, y ∈ S and all λ 1 , λ 2 ∈R. The tropical convex hull of a given subset V ⊂R d is the smallest tropically convex subset ofR d which contains V . For further details in tropical convexity, we refer the reader to [19] . Given a convex set S ∈ R d and a point p ∈ S, if p = λ 1 ⊗ x ⊕ λ 2 ⊗ y only if p = x or p = y, for all x, y ∈ S and all λ 1 , λ 2 ∈R such that λ 1 ⊕ λ 2 = 0, then p is said to be an extreme point (or vertex) of S. Extreme points are also called extremals. The following statement from the proposition 3.1 in [15] gives an analogy of extremality for a vector in cone K.
Proposition 2.1. A vector v is extreme of type t in K if and only if there exists some t ∈ supp(v) such that v is a minimal element of the set {x ∈
Besides checking the minimality, we can also determine the extremality of a vector v by the notion of dependency. A vector v is a tropical linear combination of S if v = x∈S λ x x, λ x ∈R. We denote the set of all tropical linear combinations of S by span(S). The set S is said to be independent if none of the elements in S is a tropical linear combination of other elements in S and is dependent otherwise. The following statement from Lemma 8 in [17] says that a vector v ∈ K is not extreme if it is a linear combination of some extreme vectors in K.
Proposition 2.2. The set of scaled extremals of a cone is independent.
We say that a vector v is scaled if the first element in v that is greater than negative infinity equals 0. The extreme vectors shown in (2) are all scaled. If span(S) = K, we say that S is a set of generators of the cone K. The following proposition from [17] emphasises the independency of a generating set of cone K and is essential to Section 3.2.
Proposition 2.3. A set S is a minimal set of generators for K if and only if it is a set of scaled extremals in cone K.
Barycentric coordinates is an alternative for visualisation when infinite entries exist. The classical triangle coordinate T ∈ R 2 consists of three vertices v 1 , v 2 , v 3 . We denote the coordinates of the three vertices as v 1 = (1, 0, 0), v 2 = (0, 1, 0), v 3 = (0, 0, 1) and the area of T as A T . Suppose we have a point x inside T which splits the triangle into three subareas A 1 , A 2 , A 3 , as shown in Figure 1 . We define the Barycentric coordinate of x as the ratios of the subareas,
For details of Barycentric coordinates, we refer the reader to [20] .
Notation 2.4. Note that starting from the section 3, we assume the cone K is defined by the two sided system C ⊗ x = D ⊗ x in (1). We also use B βi , i ∈ {1, 2, 3, 4, 5, 6} to denote a 2 × 2 matrix B whose entries are
The commuting properties of the scaled vectors presented in (2) are readily seen since they are the solutions of the two-sided system. The matrices B β2 and B β3 play the same role as the identity matrix B β1 since A ⊗ B βi = B βi ⊗ A = A, i ∈ {1, 2, 3}. The other three B β are similar since the diagonal entries in the product of A and B are not affected by the ordering of multiplication, while the off diagonal entries are We present the proof of Theorem 1.1 in two steps. In section 3.1, we check the extremality of all six scaled vectors presented in (2) by using proposition 2.1. In section 3.2, we verify that any other scaled vectors either do not satisfy the commuting constraints in (4) or are dependent on the six βs.
Testing Extremality
Without loss of generality, to check the extremality of a vector v, we assume v has already been scaled. In other words, the first element in v that is greater than negative infinity is set to be 0. The following proof exploits the minimality of extremals in proposition 2.1.
Case 1 β 1 and β 6 are extreme in K. Suppose that β 1 is not extreme and let t = 1. Hence, there exists a vector u = (0, 0, 0, u 4 ) ∈ K, such that u 4 < 0. However, the second equality in (4), (A ⊗ B) 12 is not satisfied since max(0, a 12 + u 4 ) < max(a 12 , 0). By contradiction, β 1 is extreme in type 1. One can also check that β 1 is extreme in type 2. A similar approach can be adopted to prove β 6 is extreme in type 2 and 3 given that a 11 = a 22 . Case 2 β 2 and β 3 are extreme in K. Let t = 2. For all u = (0, a * , 0, u 4 ) ≤ β 2 (note that the first entry must be 0 due to scaling), to satisfy the third equality in (4) (A ⊗ B) 21 = max(a 21 + 0, 0) = max(0, a 21 + u 4 ), we have 0 = u 4 . We conclude that β 2 is extreme in type 2. Note that β 3 can be proven to be extreme in type 3 in a similar fashion. Case 4 β 4 is extreme in K if a 11 ≥ a 22 ; β 5 is extreme in K if a 11 ≤ a 22 . Let t = 3. For all u = (0, u 2 , a 21 − a 11 , 0) ≤ β 4 , to satisfy the fourth equality in (4) (A⊗B) 22 = max(a 21 +u 2 , 0) = max(a 12 +a 21 −a 11 , 0), we have u 2 = a 12 − a 11 .Therefore, we conclude that β 4 is extreme in type 3. If a 11 ≤ a 22 , β 5 can be proven to be extreme using the same logic.
Checking Completeness
The independence of the set {β k , k ∈ {1, ..., 6}} is evident. Hence, the goal of this section is to prove that no scaled extremal vectors independent from those in (2) can be found. We do this by an increasing order of cardinality of supp(v) of a vector v. Note that the case of |supp(v)| = 1 is trivial as v ∈ K since either the first equality or the fourth in (4) v 2 , v 3 , v 4 ) and suppose v is extreme in K. By proposition 2.1, there exists a t ∈ supp(v) such that v is minimal in the set of {x ∈ K|x t = v t }. In fact, one can check that for each t, we can construct a tropical linear combination u = 6 k=1 λ β k β k such that u t = v t and u < v. In the case when a 11 ≥ a 22 , for example, after scaling, we have v 1 = 0, v 2 ≤ a 12 − a 11 , v 3 ≤ a 21 − a 11 and v 4 ≤ 0 or otherwise the commuting constraints in (4) will not be met.
Considerations on Infinite Entries in A
Another hint of the similarities among B β4 , B β5 , B β6 is that they can be rewritten as below after tropical linear scaling
In this way we can observe similarities between the product of A and B βi and B 2 βi i ∈ {4, 5, 6}: if a 11 ≥ a 22 ,
if a 11 ≤ a 22 , is exactly an identity matrix after we scale it by adding −(a 12 ⊗ a 21 ). The following lemma is an analogy of Theorem 1.1 in situations where some entry in the matrix A equals negative infinity. The proof follows the same pattern of checking the constraints of the two sided system, extremality and independence as above. 
Geometric Representation of the Commuting Polyhedral Cone
1 Barycentric coordinates give a convenient approach to visualise the four extreme points of βs when a 11 > a 22 or a 11 < a 22 . When a 11 > a 22 , b 11 is zero in four different extreme points. Hence, we can achieve a nice visualisation inR 3 as a projection of the polyhedral cone onto the three other axes (b 12 , b 21 , b 22 ). To avoid the burden of negative infinity, we use the exponential transformations of the original entries as the coordinates in the Barycentric triangle after normalisation. That is, for a given set of βs,
the corresponding barycentric coordinates are
One typical representation of the projection of the tropical polyhedral cone generated by βs in (13) is composed of the shaded areas and the thick line segments shown on the left side of Figure 2 . In the rest of this section, we prove that the three line segments β 1 β 4 , b 21 β 2 , b 12 β 3 intersect at the same point ω, as shown on the right side of Figure 2 . Proof. The three line segments in the lemma partition the triangle T into 6 subareas, as shown on the right side of Figure 2 . Using the definition of Barycentric coordinates in (5), the barycentric coordinate β 
Hence, the coordinates of ω ′ and β 4 coincide. 
